We formulate noncommutative self-dual N = 4 supersymmetric Yang-Mills theory in D = 2+2 dimensions. As in the corresponding commutative case, this theory can serve as the possible master theory of all the noncommutative supersymmetric integrable models in lower dimensions. As a by-product, noncommutative self-dual N = 2 supersymmetric Yang-Mills theory is obtained in D = 2 + 2. We also perform a dimensional reduction of the N = 2 theory further into N = (2, 2) in D = 1 + 1, as a basis for more general future applications. As a typical example, we show how noncommutative integrable matrix N = (1, 0) supersymmetric KdV equations in D = 1 + 1 arise from this theory, via the Yang-Mills gauge groups GL(n, IR) or SL(2n, IR).
a lagrangian formulation for noncommutative N = 4 SSDYM in D = 2 + 2 dimensions. After showing how a truncation of this theory into N = 2 works within 4D, and how a subsequent dimensional reduction from 4D into 2D works, we will present how noncommutative matrix N = 1 supersymmetric KdV (SKdV) equations in 2D [10] [11] are generated out of such reduced system, which in turn is a descendant theory from the original noncommutative N = 4 SSDYM as a typical example.
Noncommutative N = 4 SSDYM in 4D
As usual in noncommutative gauge theories [1] , the ⋆ products [12] are defined by 6) and the covariant derivative D µ is defined by
The matrices α i , β i satisfy the SO(3) × SO(3) algebra and its corresponding Clifford algebra:
Our action I is invariant under supersymmetry δ Q A µ = −i(ǫγ µ λ) (γ 5 λ = −λ , γ 5 ρ = +ρ , γ 5 ǫ ± = ±ǫ ± ) ,
The complete set of field equations in our system is
10a) 11) for arbitrary variations of these fields. These forms are valid, even for noncommutative case.
Using these combined with the identities, such as The hermiticity of our lagrangian (2.2) can be confirmed by the general rules (f ⋆ g) and (2.12) . Note that our lagrangian (2.2) has relatively simple structures, with no higher-order terms like quartic terms, when expressed in terms of covariant derivatives and anti-hermitian commutators. This simplifies the confirmation of its hermiticity, which might be more difficult in some other supersymmetric theories such as supergravity.
We mention a subtlety related to the choice of our gauge group G which is not restricted to an U(N), thanks to Seiberg-Witten maps [1] , as clarified in [14] . Without Seiberg-Witten map, the major difficulty is that for a general Lie group, the commutator ⌊ ⌈α I τ I , β J τ J ⌋ ⌉ ⋆ contains not only the usual commutator ⌊ ⌈τ I , τ J ⌋ ⌉ but also anticommutator {τ I , τ J }, as enveloping algebra. However, as shown in [14] , any gauge group G can be consistently made noncommutative by the use of Seiberg-Witten map [1] . This is because Seiberg-Witten maps delete anti-commutators, via field-dependent and θ µν -dependent transformation parameters, making the algebra close within commutators.
A typical question is whether the gauge algebra is closed consistency with Seiberg-Witten map allowing field-dependent gauge parameters. To be more specific, let ξ ≡ ξ I τ I be the parameter of the gauged group G, acting on fields as 13) where all the fields and the parameter ξ are θ µν and A µ -dependentà la Seiberg-Witten 14) where ξ (0) is the gauge parameter in the commutative case. Now the question is the commutator between supersymmetry and gauge transformations, e.g., on S i :
Thus the new effect of θ µν is the non-vanishing commutator from the supersymmetric variation of ξ which is now A µ -dependent. Hence the original commutator
in a modified gauge transformation δ G with the new parameter ξ ≡ δ Q ξ. Needless to say, this δ G arises consistently in the closures on all other fields. This implies that the closure of gauge algebra works, as long as we allow new modified gauge transformations.
Reduction from N = 4 into N = 2 Noncommutative SSDYM in 4D
Our noncommutative N = 4 SSDYM which may well serve as the 'master theory' of all the lower N supersymmetric noncommutative integrable theories. As a simple application of this N = 4 theory, we give here a reduction (truncation) into noncommutative SSDYM with smaller N = 2 supersymmetry.
As is well-known, reductions of this kind should also be consistent with the remaining N = 2 supersymmetry. Ouränsatze for such a reduction can be summarized by the set of constraints [6] :
6 where * = stands for constraints for our dimensional reduction. All of these fields carry the generators, e.g., S i ≡ S i I τ I , etc. Substituting theseänsatze into the field equations (2.10),
we can get the original N = 4 system into the N = 2 field content (A µ I , λ αA I , T I ) where λ has only negative chiral components as in the commutative case [6] . The complete set of N = 2 field equations
In this section, the indices A, B, ··· = 1, 2 are for the 2 of Sp (1), contracted by the
Needless to say, we still maintain the noncommutativity, such as F µν defined by (2.6).
Relevantly, the N = 2 supersymmetry transformation rule for this system is
is the self-dual part of this field strength.
The consistency of this system with N = 2 supersymmetry (3.3) can be easily confirmed by imposing these constraints directly on the transformation rule (2.9), and study any inconsistencies or agreements with the rule (3.3) above. For example, the transformation of G µν under supersymmetry must vanish: 4) upon the constraint (3.2a), as desired. These confirmations are rather 'routine' to be skipped in this section.
Dimensional Reduction into N = (2, 2) in 2D
We next establish a general dimensional reduction of the N = (2, 2) system above into 2D, i.e., D = 1 + 1, which may have more applications to noncommutative integrable models in the future. Ouränsatze for such a reduction are specified by the set of constraints parallel to the commutative case in [3][6] . First, we choose the original 4D coordinates to be (x µ ) ≡ (z, x, y, t) with the metric
This leads to the constraints and the convenient re-naming of fields [3] [6], as 
where the prime ′ and dot . denote respectively the derivatives ∂/∂x and ∂/∂t.
In a way parallel to the commutative case [6] , this system has N = (2, 2) supersymmetry 4) where η i and ζ i are defined by η A ≡ (ǫ
Embedding Noncommutative Matrix N = (1, 0) SKdV Equations in 2D
Even though the system (4.3) with N = 2 supersymmetry (4.4) is much smaller than the original N = 4 SSDYM in 4D, this system is large enough to generate many noncommutative supersymmetric integrable models in 2D. As a typical example of generating an integrable system, we give here an example of noncommutative matrix N = (1, 1) SKdV equations in 2D [11] as the noncommutative generalization [8] of matrix SKdV equations [10] which in turn are the supersymmetric generalizations of matrix KdV equations [15] . The noncommutative matrix N = (1, 0) SKdV equations in 2D are given by
where prime and dot are respectively ∂/∂x and ∂/∂t, while the subscript n denotes an arbitrary n × n matrix. Thus the fields u n and ξ n are respectively bosonic and fermionic n × n real matrix fields. The a n and β n are defined by
( 5.2)
The equations in (5.1) are integrable [11] , consistent with the presence of an infinite set of conserved quantities and bicomplexes, and linked to reduced linear systems [16] embedded into SDYM [11] . Some known smaller integrable systems in the past can be also re-obtained by certain truncations of (5.1). First, by setting the constant θ µν to zero, we get the matrix SKdV equations [10] . Second, by choosing n = 1, we get single-component noncommutative SKdV equations [8] [11] . Third, choosing n = 1 and setting θ µν to zero, we get singlecomponent SKdV equations [17] . Fourth, setting n = 1 also with deleting ξ's, we get noncommutative KdV equations [18] . Fifth, keeping general n while setting ξ n and θ µν to zero, we get matrix KdV equations [15] .
The noncommutative SKdV equations (5.1) are covariant under N = (1, 0) supersymmetry [10] 
Our objective here is to generate (5.1) out of the equations (4.3). As a guiding principle, we use the results in [10] for embedding (5.1) into non-supersymmetric SDYM in 4D, based on supergroup GL(n|n). The difference, however, is that our system is based on SSDYM in 4D, so that the original gauge group is just GL(n, IR) instead of the supergroup GL(n|n).
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Therefore we expect the fermionic components in the supergroup case in [10] to be absent now. We have thus found the following ansätze are consistent with our field equations (4.3) and supersymmetry transformation rule (4.4):
4a)
As in [10] , we introduced an anticommuting Grassmann constant θ satisfying 5) where the barred θ is the complex conjugation of θ. Even though this θ looks 'artificial'
or ad hoc at first glance, such a Grassmann constant has been generally used in the corresponding commutative cases in the past [3] [10] [11] , and it is also analogous to a fermionic coordinate for superfields. The complex conjugations 7 should be consistent with the reality of fields. Relevantly, we need an additional lemma 6) for two fields A and B. For example, we see that
The reality of all the fields are also consistent within the Lie algebra of GL(n, IR). Since we have formulated our starting theory in 4D, as compatible with any noncompact (as well as compact) gauge group, the choice of the noncompact group GL(n, IR) poses no problem here.
As can be easily seen, the substitution of (5.4) into (4.3) yields the noncommutative matrix SKdV equations (5.1). First, all the commutator equations in (4.3) are satisfied by the nilpotency θ 2 = 0. Next (4.3b) and (4.3c) yield respectively (5.1a) and (5.1b).
For our embedding to be consistent with supersymmetry (5.3), we need to have the
For example, we have to confirm the vanishing of the all the variations of (5.4), such as δ Q (ψ 1 − θ u n ) * = 0 and δ Q ψ 2 * = 0 under (4.4), (5.3) and (5.7) . Despite the simple nature of 7 We use only complex conjugation instead of hermitian conjugation in this section, due to the 'real' property of the groups GL(n, IR) and SL(2n, IR). our embedding (5.4) , the choice of parameters in (5.7) is quite non-trivial for the former to be consistent with supersymmetry.
We can try a similar but different embedding now into the gauge group SL(2n, IR), instead of GL(n, IR), under the ansätze:
As is desired, all of these 2n × 2n matrices are traceless and real. In a way similar to the previous embedding, we can confirm that (5.8) yields (5.1) under (4.3) , as desired.
Concluding Remarks
In this paper, we have presented the formulation of noncommutative N = 4 SSDYM in D = 2 + 2 for the first time. This may well serve as the 'master theory' of all the lower-dimensional noncommutative supersymmetric integrable models, as the corresponding commutative case [4] [5] [6] can do.
It sometimes happens that a difficulty arises in the noncommutative generalization of a supersymmetric theory. This is because the non-trivial orderings of fields in the lagrangian pose some problem in the action invariance. A typical problem arises in the attempt of the non-commutative generalization of supergravity in 4D, caused by the ordering between the x -dependent parameter ǫ(x) of supersymmetry and other fields. Such a difficulty might happen even for global supersymmetry, when dealing with higher-order terms in fields. Fortunately, in our SSDYM theory in 4D did not suffer from such a difficulty, thanks to the simple structure of the lagrangian (2.2) which is close enough to 'linear' structures. In particular, we have also seen that the closures of supersymmetry and gauge group algebra are all made consistentá la Seiberg-Witten maps [1] [14] .
We have also shown how a truncation of this N = 4 theory into N = 2 works within 4D, which may be of some use for more practical applications in the future. Subsequently, we have also performed a relatively general dimensional reduction scheme into N = (2, 2) in 2D as a basis for future applications. As a typical example, we have shown how noncommutative integrable matrix N = (1, 0) SKdV equations can be generated out of this reduced theory in 2D.
Note that the noncommutative integrable matrix N = (1, 0) SKdV equations (5.1) are so large that our result is automatically valid for any other smaller integrable systems.
For example, our embeddings or dimensional reductions can cover a wide range of systems such as commutative matrix SKdV equations [10] , commutative single-component SKdV equations [17] , noncommutative KdV equations [18] , or non-supersymmetric matrix KdV equations [15] , after appropriate truncations of θ µν , n and/or ξ n 's.
Compared with the conventional approaches [3] [10] [11] starting with non-supersymmetric SDYM equations in 4D with supergroups [3] [10] [11] , our method of generating noncommutative integrable matrix SKdV looks much simpler, as seen in the last section. This also suggests it is more natural to start with N = 4 SSDYM theory with space-time supersymmetries built-in, than non-supersymmetric SDYM theories [3] [10] [11] . As has been also mentioned in Introduction, our philosophy is that if a lower-dimensional integrable system has supersymmetry, then it is more natural to consider space-time supersymmetry in the starting SDYM in 4D, such as noncommutative maximally N = 4 SSDYM in 4D [4] [5], as we have accomplished in this paper.
The results in this paper indicate many more applications in the future. Because our results show not only that such maximally N = 4 SSDYM is possible in D = 2 + 2, but also that it has more potential applications as noncommutative integrable systems in lower dimensions. The reason is that higher-dimensional 'master theory' such as noncommutative N = 4 SSDYM in 4D theory can provide a good guiding principle to control the system. As a matter of fact, we can think of mimicking the commutative cases for embedding other supersymmetric integrable models in D ≤ 3, such as supersymmetric KP systems, topological theories, supersymmetric Chern-Simons theory, Wess-Zumino-Novikov-Witten models, super-Lax equations [7] , and the like, generalized to noncommutative cases [8] [18] [11] .
